The study analyses bimodal data recorded in an offshore basin. The measured sea states represent two wave systems propagating at an angle of 60°, 90°and 120°, respectively, from each other. The wave spectra are separated into swell and wind sea components and the energy ratio between the areas under the associated curves (SSER) is estimated. The sea states are grouped into three classes with respect to SSER.
INTRODUCTION
The knowledge of the probability distributions of large wave heights has important practical application in ocean engineering, since the design wave criteria are based on the probability of occurrence of extreme wave conditions. Some corrections to the Rayleigh distribution are introduced to take into account the narrowing in the empirical distribution, due to the effect of finite spectral bandwidth (Naess, 1985; Tayfun, 1990) . The new distributions reduce to the Rayleigh form at the limit of extremely narrow spectrum. The deviations between the theoretical estimates arise from the difference in the considered parameters.
The higher order wave nonlinearity, on the other hand, is reported to increase significantly the observed probability of occurrence of large wave events (Mori and Janssen, 2006) . The third order wave-wave interactions, expressed quantitatively by means of the coefficient of kurtosis, λ 40 , are considered in the context of the Benjamin-Feir instability, regarded as a quasi-resonant four-wave interaction (Onorato et al., 2006) . Mori and Janssen (2006) developed a distribution based on the modified Edgeworth series, called Modified Edgeworth-Rayleigh distribution, applicable for a weakly nonlinear random sea with narrow spectrum and specific relations between the normalized fourth order joint cumulants. The analytical formula is a simple function of λ 40 and represents a simplification to the model of Tayfun and Fedele (2007) . The latter is less restrictive, since there are no requirements about the form of the spectrum or the statistical cumulants.
However, the corrected linear and nonlinear models are developed for a single wave system. Lately, it is known that two-peak spectra occur frequently at sea. The reported probability of occurrence for the North Sea is 16% on the average (Guedes Soares, 1984) and for the North Atlantic -25% (Guedes Soares, 1991) . Some statistical properties of mixed sea states have been lately investigated in a series of studies generally using numerical approach. Rodriguez et al. (2002) showed results on the marginal wave height distribution. Arena and Guedes Soares (2007) also investigated the probabilistic structure of nonlinear wave heights, crests and troughs of large waves in deep water using measured two-peaked spectra from the Atlantic Ocean, and further validated the results with numerical simulations.
In the present paper, some analytical probabilistic models of individual wave heights, initially developed for single sea states, are validated for bimodal sea states with an abnormal wave. The abnormal wave is defined following the criteria of Dean (1990) and Tomita and Kawamura (2000) . Linear correlation has been found between the relative energy of the wind sea and λ 40 . Subsequently, the nonlinear model of Tayfun and Fedele (2007) is applied to the largest waves using the complete set of bimodal time series and exceedance probabilities for some threshold values are estimated. Thus, the work follows previous studies , which have analyzed some statistical properties of maximum wave crests and heights in single sea states from the same offshore test basin.
The structure of the paper is as follows. The first two sections of the paper introduce statistical models for individual wave heights and a model for the maximum wave heights. Subsequently, the laboratory conditions during the experiments and the bimodal data are briefly described. The last two sections present and discuss the obtained results and suggest possible conclusions.
ANALYTICAL DISTRIBUTION MODELS OF WAVE HEIGHTS
The Rayleigh distribution for wave heights normalized by the standard deviation of the free surface displacement is given in the form (Longuet-Higgins, 1952 ):
(1) However, the increase in spectral bandwidth makes the empirical distributions narrower and, subsequently, the observed wave heights become overpredicted by Eq. (1).
The effect of finite spectrum is taken into account by Naess (1985) , who proposed a theoretical formula for a Gaussian narrowband process (ν → 0), which in the limit of an infinitely narrow spectrum reduces to Eq. (1): (2) where r = ρ(τ*) is the value of the normalized autocorrelation function at its global minimum; τ* is the time of occurrence of the global minimum. The model is generally applicable to a narrow-band process, for which r → − 1. Its advantage is in the explicit form of parameter r.
Wave Height Distributions of Laboratory Generated Bimodal Seas with Abnormal Waves Tayfun (1990) obtained asymptotic approximations for irregular weakly-nonlinear waves as a closed form solutions to his earlier formulation (Tayfun, 1981) . The lower-bound approximation has the form:
where denotes the mean wave height; r m = ρ(τ m ) is the value of the normalized autocorrelation function at time lag τ m , equal to T m /2; T m is the average period associated with the average spectral frequency ω m = m 1 /m 0 , where m i represents i-th order spectral moment.
Furthermore, Tayfun showed that the parameter r (Eq. 2) does not describe adequately the spectrum, as compared with r m (Eq. 4). For wave spectra typically observed at sea, it is valid that | r | ≤ r m and only in the limit of infinitely narrow spectrum (ν → 0), | r | → r m → 1. The spectral bandwidth ν is calculated from the low order spectral moments as: (4) It is seen that the probabilistic models in Eqs. (1-2) are scaled to 1 at H = 0 and describe the whole range of non-negative values for the wave heights. On the other hand, Eq. (3) is not scaled, so it is applicable only to wave heights larger than a reference wave height. For the model in Eq. (3), the reference is the mean wave height H -. The nonlinear effects, contrary to finite spectrum effects, broaden the empirical tail towards higher probability levels. They are taken into account in probabilistic models based on the Edgeworth series representation for the density function of the elevation process. Tayfun and Fedele (2007) developed a formulation for a weakly-nonlinear process with a spectrum of any finite bandwidth: (5) where Λ = λ 40 + 2λ 22 + λ 04 , λ ij, i+j=4 represents fourth order normalized cumulants. When ν → 0, it is valid that: λ 04 = λ 40 , λ 40 = 3λ 22 , Λ = 8 λ 40 /3. Moreover, when Λ = 0, Eq. (5) reduces to Eq. (1).
Eventually, the maximum wave height distribution is based on the model of Tayfun and Fedele (2007) for individual wave heights. The exceedance distribution of the normalized maximum wave height H * max = H max /σ depends on λ 40 , apart from that it depends on the sample size N, and it is reduced to the Rayleigh maximum wave height statistics when Λ = 0. Hence, it is not enough to have λ 40 = 0.
(6)
LABORATORY CONDITIONS AND DATA
The data used for the study has been collected during an experiment performed in the offshore basin of MARINTEK. The test basin has the following dimensions: 80 m length, 50 m width and 2 m depth (Stansberg, 2000) . Ten gauges uniformly spaced along the basin at 5 m distance ( Fig. 1) were measuring the surface elevations. A double-flap wave-maker (BM2) installed at one of the short walls of the basin was used to generate the short-period wave system for each test run. The distance between the first gauge and BM2 was 10 m. A second multiflap wave-maker (BM3) installed at the long side of the basin was generating the long-period wave systems. A beach on the opposite wall in front of each generator was absorbing the energy of the incident waves.
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The laboratory experiment was run in scale 1:50. The generated random seas represent coexistence of swell and wind sea and are characterized by a two-peaked spectrum composed of two JONSWAP wave systems (Guedes Soares, 1984) . Furthermore, the individual components have been modeled by a unidirectional JONSWAP spectrum with peak enhancement factor γ = 3, full-scale peak periods T p = 7 and 20s, and significant wave heights H s = 3.6 and 3.6 m. Each experimental realization of the sea surface used different, randomly chosen amplitudes and phases. The duration of the recorded time series at full-scale is more than 3 hours at sampling period dt = 0.1768s and corresponds approximately to 1500 down-crossing waves. The multidirectional sea states are designated as 8233, 8234 and 8235, for angles of propagation θ = 60°, 120°and 90°, respectively.
RESULTS AND DISCUSSION
The abnormal waves in the time series have been identified as those which wave height exceeds twice the significant wave height. In terms of the abnormality index the waves are defined by AI = H max /H s > 2 ( Dean, 1990) , where the significant wave height H s is estimated from the spectrum.
Subsequently, 7 sea states have been found to follow the criterion simultaneously for down-crossing (D) and up-crossing (U) wave definitions. These sea states are shown in Table 1 . The values of the crest amplification indices, CI = C max /H s are also presented in Table 1 . Imposing the requirement CI > 1.3 to be accomplished along with AI > 2, the wave events are referred to as being 'genuine freak waves' (Tomita and Kawamura, 2000) . The two cases following the latter definition are shown using bold type in the first two rows of the wind dominated sea class (Table 1) .
Further, the occurrence of abnormal wave is viewed with respect to the type of bimodal sea that contains it. The classification of bimodal spectra is possible on the basis of the dimensionless parameter sea-swell energy ratio (SSER) (Rodriguez et al., 2002) , given as: (7) where m 0ws and m 0sw stand for the spectral energies of the swell and wind sea, respectively.
Depending on SSER, the wave systems have been divided into three groups: swell-dominated sea states (SSER << 1); wind sea dominated sea states (SSER >> 1) and sea states with comparable energies of the spectral components (SSER ≈ 1). It has been found that in the whole set of measured time series, the estimated spectra belong most frequently to the second and third groups. Prevalence of the swell energy is found only at the first three gauges of test 8234, which could be expected, since the waves from wave generator BM3 propagate at 120°towards the waves from BM2.
The SSER values in Table 1 show that the greatest part of the sea states with an abnormal wave present are wind energy dominated. This result agrees with previous results of Rodriguez and Guedes Soares (2001) upon the joint distribution of consecutive wave heights in numerically simulated bimodal seas: large correlation has been found between consecutive wave heights in wind-dominated bimodal sea, contrary to swell-dominated sea and sea-swell energy equivalent sea.
The estimates of λ 40 are plotted versus SSER in Fig. 2 . Fig. 2a is based on the complete set of bimodal data, which is approximated with a second degree polynomial, and Fig. 2b uses the sea states from Table 1 and linear approximation. In both cases, the observed trend shows high correlation. The swell dominated sea states demonstrate λ 40 close to zero and large discrepancies from the Gaussian statistics are associated with significant wind sea contribution to the spectrum (SSER > 2).
Comparison between the theoretical models and the observed wave height distributions for some representative cases from Table 1 is given in Fig. 3 The sea state in Fig. 3a is influenced by swell. The spectrum can be considered broad-banded, since ν = 0.6, provided that typical storm spectra at sea have ν on the order of 0.3. Thus, the observed distribution is the narrowest among the studied cases. On the other hand, λ 40 is small, which is reflected in GC close to R with only small increase at the lowest probability levels. The wave heights are well fit by N. However, the largest wave with AI > 2 deviates significantly from the sample and stays underestimated by all distributions. The second largest wave, although having AI < 2 remains also underpredicted.
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Volume 1 · Number 3 & 4 · 2010 The examples for wind sea dominated cases (Figs. 3b-c) show tendency for larger probabilities of occurrence at the extreme tail with increase of λ 40 . Figure 3b is associated with the largest λ 40 in the whole set of bimodal time series (λ 40 = 0.77). Evidently, the presence of extremely large event can be explained with the nonlinear properties of the sea, otherwise the expected extremes would have been reduced, due to broadening of the spectrum (Naess, 1985) . It has been also observed that the largest λ 40 are associated with some of the largest SSER. Furthermore, comparison between theoretical predictions when SSER is getting large shows a tendency for R, T and N to coincide. Fig. 3c corresponds to a sea state where the maximum normalized wave height is on the order of 2.3. Moreover, the crest amplification index CI is large, on the order of 1.5, for both wave definitions. Consequently, this sea state contains a genuine freak wave with the largest abnormal characteristics for the set of studied bimodal seas. For this particular case, R fits well the majority of the data, except for the extremes, which are significantly underestimated. The largest wave height is underestimated by all models, including GC. It must be noted that this extreme wave is not associated with the maximum λ 40 . Hence, it also does not correspond to the maximum calculated value of SSER. Fig. 3d represents the sea-swell energy equivalent sea state. Although the distribution broadens towards GC, the largest wave remains slightly overestimated by it.
Among all models, T is found to fit well data over small range of values, between the mean wave height estimated as 2.4σ and wave height of approximately 4σ. Large deviation between N and T is observed when the calculations show r m << | r | (Figs. 3a, d) . Again, it must be noted that the wave spectra at sea typically show | r | ≤ r m . The statistics of wave height maxima is studied using all available bimodal time series. The initial records have been split into series of N = 100 waves. For each obtained segment, the maximum wave height normalized by the segmental significant wave height, H max /H s , and the segmental λ 40 have been found. Subsequently H max /H s from all gauges have been pooled into one sample which has been subjected to statistical analysis conditional on λ 40 . The exceedance probability of H max /H s has been constructed considering only the largest samples, in order to reduce the sampling variability.
In the following, the abbreviations GCmax and Rmax are used to refer to Eq. (6) and the Rayleigh probability of exceedance for the maximum wave heights, respectively.
The graphs in Fig. 4 demonstrate results for four observed classes of λ 40 . The observations are given by circles, Rmax -by a full line and CGmax -by a dashed line. When λ 40 = 0 (Fig. 5a ), Rmax and GCmax are very close, but do not coincide, since Λ ≠ 0. The theory represents only qualitatively the observed trend: the gradual increase of λ 40 makes the distribution to curve up towards larger probability levels, which are expected to be better predicted by GCmax. Thus, it can be concluded that for fixed N the probability of encountering an abnormal wave increases with λ 40 .
Wave heights exceeding AI = 2 are possible in all classes of λ 40 , although the extreme wave for λ 40 = 0 do not seem consistent with the other data. Contrary to the unidirectional sea states, where the applied model of Mori and Janssen (2006) showed good agreement with the observations at the largest classes of λ 40 , the results from the application of GCmax to the wave height statistics in bimodal seas are poor. The observations are constantly overpredicted by GCmax over the entire data range.
It is seen that the theoretical curves move down towards lower probability levels for larger AI, following the observed trend. For a fixed value of AI, the probability of exceedance increases with λ 40 . However, the theory always predicts larger probabilities of exceedance over the lower range of λ 40 and smaller over the higher range, as can be best seen in Fig. 5b . Figure 5c presents the limiting condition for freak wave occurrence AI = 2 when λ 40 = 0. Thus, extreme events can be also expected in a wave field with Gaussian statistics at a lower probability than the one predicted by GCmax.
Eventually, the probability of exceedance of a threshold level can be derived interpolating between the observed probabilities and compared with GCmax. Three threshold levels are chosen for comparison: AI D = {1.8, 1.9, 2}. The results are plotted in Fig. 5 , where the circles represent the observations and the dashed red line represents GCmax. Again, the theory agrees with data only in qualitative sense. It must be noted that the insufficient data in the classes of λ 40 is a problem for seeing clearly the tendencies and making more comments. Thus, there is a need of longer time series that will allow obtaining more reliable results about the effect of the coefficient of kurtosis on the statistics of wave height maxima.
CONCLUSIONS
From the viewpoint of SSER, the majority of the sea states with a possible abnormal wave are found in the wind-dominated class.
The swell-dominated sea demonstrates the broadest spectrum, so the empirical distribution of wave heights is much narrower than R. Moreover, λ 40 is found small and GC is close to R with only small increase at the lowest probability levels. The wave heights are eventually well fit by N, but the largest wave is underestimated by all distributions.
Comparisons for wind sea dominated sea states show a tendency of increase in the probability of occurrence of extremes with increase in λ 40 , which is expressed in bending of the empirical tail towards GC. A tendency for R, T and N to coincide is observed when SSER is getting large.
High linear correlation is seen between λ 40 and SSER: the time series with the largest λ 40 demonstrate also the largest values of SSER. While the swell-dominated sea state shows λ 40 close to zero, large discrepancies from the Gaussian statistics are associated with significant wind sea contribution (SSER > 2).
246
Wave Height Distributions of Laboratory Generated Bimodal Seas with Abnormal Waves
International Journal of Ocean and Climate Systems The exceedance distributions of wave height maxima show clear dependence on λ 40 such that the extreme tail tends to GCmax. The expected probability that a fixed level of AI will be exceeded is also increasing with λ 40 . However, it is constantly overestimated by the theory over the low range of λ 40 and underestimated in the high range of λ 40 .
The obtained results clearly show that the predictions of unexpectedly large wave heights require higher order corrections, although the applied nonlinear model fails to describe well the data in a quantitative aspect.
